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§1. Introduction 


As a model of spacetimes in physics, various geometries such as those of Euclid, 
Riemannian and Finsler geometries are established by mathematicians. Today, more 
and more evidences have shown that our spacetime is not homogenous. Thereby 
models established on classical geometries are only unilateral. Then are there some 
kinds of overall geometries for spacetimes in physics? The answer is YES. Those 
are just Smarandache geometries established in last century but attract more one’s 
attention now. According to the summary in [4], they are formally defined following. 


Definition 1.1([4], [17]) A Smarandache geometry is a geometry which has at least 
one Smarandachely denied axiom(1969), i.e., an axiom behaves in at least two dif- 
ferent ways within the same space, i.e., validated and invalided, or only invalided 
but in multiple distinct ways. 

A Smarandache n-manifold is a n-manifold that support a Smarandache geome- 
try. 


For verifying the existence of Smarandache geometries, Kuciuk and Antholy 
gave a popular and easily understanding example on an Euclid plane in [4]. In 
[3], Iseri firstly presented a systematic construction for Smarandache geometries 


by equilateral triangular disks on Euclid planes, which are really Smarandache 2- 
dimensional geometries (see also [5]). In references [6], [7] and [13], particularly in [7], 
a general constructing way for Smarandache 2-dimensional geometries on maps on 
surfaces, called map geometries was introduced, which generalized the construction 
of Iseri. For the case of dimensional number> 3, these pseudo-manifold geometries 
are proposed, which are approved to be Smarandache geometries and containing 
these Finsler and Kahler geometries as sub-geometries in [12]. 

In fact, by the Definition 1.1 a general but more natural way for constructing 
Smarandache geometries should be seeking for them on a union set of spaces with an 
axiom validated in one space but invalided in another, or invalided in a space in one 
way and another space in a different way. These unions are so called Smarandache 
multi-spaces. This is the motivation for this paper. Notice that in [8], these multi- 
metric spaces have been introduced, which enables us to constructing Smarandache 
geometries on multi-metric spaces, particularly, on multi-metric spaces with a same 
metric. 


Definition 1.2 A multi-metric space A is a union of spaces A1, Ao,--+, Am for an 
integer k > 2 such that each A; is a space with metric pi for Vi, 1 <i<m. 


Now for any integer n, these n-manifolds M” are the main objects in modern 
geometry and mechanics, which are locally euclidean spaces R” satisfying the To 
separation axiom in fact, i.e., for Vp,q € M”, there are local charts (Up, pp) and 
(Ug, Pq) such that Up (U; = and pp : Up > B”, pq : Ug > B”, where 


is an open ball. 

These manifolds are locally euclidean spaces. In fact, they are also homogenous 
spaces. But the world is not homogenous. Whence, a more important thing is 
considering these combinations of different dimensions, i.e., combinatorial manifolds 
defined following and finding their good behaviors for mathematical sciences besides 
just to research these manifolds. Two examples for these combinations of manifolds 
with different dimensions in R? are shown in Fig.1.1, in where, (a) represents a 
combination of a 3-manifold, a torus and 1-manifold, and (b) a torus with 4 bouquets 
of 1-manifolds. 





(a) 


Fig,1.1 


For an integer s > 1, let n,,no,---,n, be an integer sequence with 0 < nı < 
S 


ny <- < ns. Choose s open unit balls By’, BZ?,---,B?*, where B; # @ in 
i=1 


? s ?) 


R™t2+"s Then a unit open combinatorial ball of degree s is a union 
sS 
Bin, no, : +, Ns) = WE 
i=1 


Definition 1.3 For a given integer sequence ni, no,:':, Nm, M > 1 with O < nı < 

no <: < ns, a combinatorial manifold M is a Hausdorff space such that for 

any point p E M, there is a local chart (Up, Pp) of p, i.e., an open neighborhood 

U, of p in M and a homoeomorphism Pp : Up > B(ni(p), na(p), ++ -,Ns(p)(p)) with 

{ni(p), no(p), eae Ns(p)(P) } C {n1, Mayr, Nm} and U {n1(p), n2(p), URE Ns(p)(P) } E 
pEM 

{ni n2, ++, Nm}, denoted by M (ni, na, ->+ Nm) Or M on the context and 


A = {(Up, Gp) |p € M(m1, n2,- --,Nm))} 


an atlas on M(m, N2, **-, Nm). The mazimum value of s(p) and the dimension S(p) 
s(p) Be 

of (\ Bi are called the dimension and the intersectional dimensional of M (n1, na, 
i=1 

---,Nm) at the point p, respectively. 
A combinatorial manifold M is called finite if it is just combined by finite man- 

ifolds. 


Notice that (] B; # Ø by the definition of unit combinatorial balls of degree 
i=1 


s. Thereby, for Vp € M(m, Ng,+++,Ns), either it has a neighborhood Up with gy, : 
Up > RS, ¢ E {ni,n2,-++,n5} or a combinatorial ball Bn, Tan) with Yp : 
U, > B(T, 7, Tn), L< s and {1,72,°--, 7} C {n1, n2, +; Ns} hold. 

The main purpose of this paper is to characterize these finitely combinatorial 
manifolds, such as those of topological behaviors and differential structures on them 
by a combinatorial method. For these objectives, topological and differential struc- 
tures such as those of d-pathwise connected, homotopy classes, fundamental d-groups 
in topology and tangent vector fields, tensor fields, connections, Minkowski norms in 
differential geometry on these combinatorial manifolds are introduced. Some results 
in classical differential geometry are generalized to finitely combinatorial manifolds. 
As an important invariant, Euler-Poincare characteristic is discussed and geomet- 
rical inclusions in Smarandache geometries for various existent geometries are also 
presented by the geometrical theory on finitely combinatorial manifolds in this pa- 
per. 

For terminologies and notations not mentioned in this section, we follow [1] — [2] 
for differential geometry, [5], [7] for graphs and [14], [18] for topology. 


§2. Topological structures on combinatorial manifolds 


By a topological view, we introduce topological structures and characterize these 
finitely combinatorial manifolds in this section. 


2.1. Pathwise connectedness 


On the first, we define d-dimensional pathwise connectedness in a finitely combina- 
torial manifold for an integer d,d > 1, which is a natural generalization of pathwise 
connectedness in a topological space. 


Definition 2.1 For two points p,q in a finitely combinatorial manifold M(n1, no, 
---,Nm), if there is a sequence By, B2,- --, Bs of d-dimensional open balls with two 
conditions following hold. 


(1) Bic M (ni, no, -+--+ Nm) for any integer i,1 <i < s and p € Bi, q € Bs; 
(2) The dimensional number dim(B; () Bi+1) > d for Vi, 1 <i < s—1. 


Then points p,q are called d-dimensional connected in M (na, No, ``, Nm) and the se- 
quence By, B2,- -+ , Be ad-dimensional path connecting p and q, denoted by P?(p, q). 

If each pair p,q of points in the finitely combinatorial manifold M(m, N2,- , Nm) 
is d-dimensional connected, then M (ni, no, ---, Nm) is called d-pathwise connected 
and say its connectivity> d. 


Not loss of generality, we consider only finitely combinatorial manifolds with 
a connectivity> 1 in this paper. Let M(nj,12,---,nm) be a finitely combinatorial 
manifold and d, d > 1 an integer. We construct a labelled graph G42{M(n1, no, +++, m)| 
by 


V(G"[M(m, nz, +++, nm)]) = Va|] V, 


where Vj = {n; — manifolds M™ in M(ni, na,- ,nm)|1 < i < m} and V = 


{isolated intersection points Omn: yrs ofM™, M™ in M (ni, N2, ***, Nm) for 1 
i,j < m}. Label n; for each n;-manifold in V; and 0 for each vertex in V2 and 


IA 


E(G'[M (n1, n2,- +, nm)]) = LiL) Ba, 


where E, = {(M™%,M")|dim(M™()M™) > d,1 < i,j < m} and E = 
{(Omni ms, M™), (Ommi m, M")|M™ tangent M”i at the point Omn: yr; for 1 < 
ij <m}. 
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For example, these correspondent labelled graphs gotten from finitely combina- 
torial manifolds in Fig.1.1 are shown in Fig.2.1, in where d = 1 for (a) and (b), d = 2 
for (c) and (d). By this construction, properties following can be easily gotten. 


Theorem 2.1 Let GM (n, no, -++,Mm)] be a labelled graph of a finitely combina- 
torial manifold M(m, No, ***, Nm). Then 

(1) Gİ[M (n, no, ---,Nm)| is connected only if d < nı. 

(2) there exists an integer d,d < n such that GYM (m, N2,°**,M%m)| is connected. 


Proof By definition, there is an edge (M™, M") in GÎ[M (na, no, -++ ,Nm)]| for 
1 < i,j < m if and only if there is a d-dimensional path P“(p,q) connecting two 
points p E€ M™ and q E€ M”™. Notice that 
(P*(p, q) \ M™) C M™ and (P%(p,q) \ M™) C M™. 
Whence, 


d < min{n;, nj}. (2.1) 

Now if G4{M(n1,n2,-++,Mm)] is connected, then there is a d-path P(M™, M") 
connecting vertices M™ and M™ for YM™, M™ € V(GÌ[M (n1, n2,-+-,m)]). Not 
loss of generality, assume 

P(M™, M™) = M*M®M® --- M*- M". 
Then we get that 


d < min{nj, $1, S2;***, St-1; Nj} (2.2) 


by (2.1). However, according to Definition 1.4 we know that 


© {ni (p), n2(p), n *, Ns(p)(p) } {N1, N2, a Nm}: (2.3) 


peM 


Therefore, we get that 


d< min( U mip), na(p), pes ,Ns(p)(P) }) = min{n, Nay, Mm} = Ny 


by combining (2.3) with (2.3). Notice that points labelled with 0 and 1 are always 
connected by a path. We get the conclusion (1). 

For the conclusion (2), notice that any finitely combinatorial manifold is al- 
ways pathwise 1-connected by definition. Accordingly, G1 [M (n1, N2, +, Nm)] is con- 
nected. Thereby, there at least one integer, for instance d = 1 enabling GUM (ni, no, 

Nm)| to be connected. This completes the proof. 4 
According to Theorem 2.1, we get immediately two corollaries following. 


Corollary 2.1 For a given finitely combinatorial manifold M, all connected graphs 
G"{M] are isomorphic if d < nı, denoted by G[M M]. 


Corollary 2.2 If there are k 1-manifolds intersect at one point p in a finitely 
combinatorial manifold M, then there is an induced subgraph K+! in G[M M]. 


Now we define an edge set E“(M) in G[M] by 


E*(M) = E(G*[M)) \ E(G*"?[M)). 


Then we get a graphical recursion equation for graphs of a finitely combinatorial 
manifold M as a by-product. 


Theorem 2.2 Let M be a finitely combinatorial manifold. Then for any integer 
d,d > 1, there is a recursion equation 


GM] = GM] — E4(M) 
for graphs of M. 
Proof It can be obtained immediately by definition. 4 
For a given integer sequence 1 < ny < ng < +++ < Mm,m = 1, denote by 
H? (n1, N2, :**, Nm) all these finitely combinatorial manifolds M (n1, n2,+++,%m) with 


connectivity> d, where d < nı and G(nj,n2,---,Mm) all these connected graphs 
Gini, n2,+++,Nm] with vertex labels 0, n1, n2, ++, Nm and conditions following hold. 


(1) The induced subgraph by vertices labelled with 1 in G is a union of complete 
graphs; 
(2) All vertices labelled with 0 can only be adjacent to vertices labelled with 1. 
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Then we know a relation between sets H4(n1, no, +, Nm) and G(Nn1, na, , Nm): 


Theorem 2.3 Let 1 <n, < ng < +--+ < Nm, M > 1 be a given integer sequence. Then 


every finitely combinatorial manifold Me H4(n1,N2,++*,%m) defines a labelled con- 
nected graph G|n1,n2,-++,%m] E GN, N2,°++,;%m). Conversely, every labelled con- 
nected graph G[n1,n2,-++,%m)] E Gln, N2, ***, Nm) defines a finitely combinatorial 
manifold Me H4(n1,n2, <, Nm) for any integer 1 < d < ny. 


Proof For YM € H? (n1, n2,- *, Nm), there is a labelled graph Gini, n2,- -, Nnm] € 
G (N1, N2, -*, Nm) correspondent to M is already verified by Theorem 2.1. For 
completing the proof, we only need to construct a finitely combinatorial manifold 
M E€ H?(m, no, -, Nnm) for YG[ni, no, +, Nm] € Gn, N2, +, Nm). Denoted by 
l(u) = s if the label of a vertex u € V(G[ni, n2, ***,Nm]) is s. The construction is 
carried out by the following programming. 


STEP 1. Choose |G[ni, n2,- +, Nm]| — | Vo] manifolds correspondent to each vertex u 
with a dimensional n; if l(u) = n;, where Vo = {uļu € V (G[n1, no,- -, Nml) and (u) = 
0}. Denoted by Vs, all these vertices in G[n1, N2, ++, Nm] with label> 1. 


STEP 2. For Vu; € Vs, with l(u1) = n}, if its neighborhood set Nanin,- nmn] U) A 


Vs, = {v}, v,- -uD with Ivt) = ny, Uv?) = mo, e, Uv) = Nis(u) then 
let the manifold correspondent to the vertex u; with an intersection dimension> d 
with manifolds correspondent to vertices vi, v?,---,v%" and define a vertex set 
Ay = {u}. 


STEP 3. If the vertex set A; = {u1, u2,---, uz} C V>ı has been defined and V>1 \ 
A, # Í, let u € Vor \ Ar with a label n;,,,. Assume 


(Nena naam) (tr41) (V1) \ Ar = fob wea, oY} 


with I(u},) = maa, a = mia, a T = misseany). Then let the 


manifold correspondent to the vertex uj, with an intersection dimension> d with 
manifolds correspondent to these vertices uj, ),U7.45°°*; ce and define a vertex 
set A1 = A; {a4}. 


STEP 4. Repeat steps 2 and 3 until a vertex set A, = Vs, has been constructed. 
This construction is ended if there are no vertices w € V(G) with I(w) = 0, i.e., 
Vs, = V(G). Otherwise, go to the next step. 


STEP 5. For Vw € V(G[ni, n2, ++, Mm) \ Vor, assume Nery no,- nm] (W) = {W1, Wa, 
+++, we}. Let all these manifolds correspondent to vertices w1, w2,--++, We intersects 
at one point simultaneously and define a vertex set Až, = A; U{w}. 


STEP 6. Repeat STEP 5 for vertices in V(G[n1, n2,---,Mm])\Vs1. This construction 
is finally ended until a vertex set Aj, = V(G[n1, n2; **, Nml) has been constructed. 


As soon as the vertex set Aj,, has been constructed, we get a finitely combi- 


natorial manifold M. It can be easily verified that Me H? (ny, N2, ***, Nm) by our 
construction way. 4 


2.2 Combinatorial equivalence 


For a finitely combinatorial manifold M in H? (n1, N2, ***, Nm), denoted by G [M (nı, 
N2, ***,Nm)] and G[M] the correspondent labelled graph in G(n1, n2, +, Nm) and 
the graph deleted labels on G[M (n1, n2,--+,%m)], C(n;) all these vertices with a 


label n; for 1 <i < m, respectively. 


Definition 2.2 Two finitely combinatorial manifolds Mı (m, Hae Pgh) M,(k1, kə, 
---, kı) are called equivalent if these correspondent labelled graphs 


G[M, (m1, na- , nm)] & G[Mo(Kr, ke, ---, ki)]. 


Notice that if M,(na, N2,°*+,;Nm), M,(k1, k2,- -+ , kı) are equivalent, then we can 
get that {n1, n2, ++, Nm} = {k1, ke,-++, kı} and GM] = G|M}]. Reversing this idea 
enables us classifying finitely combinatorial manifolds in Ht(n1, na, +-+, Nm) by the 
action of automorphism groups of these correspondent graphs without labels. 


Definition 2.3 A labelled connected graph GIM (m, na, ---,Nm)| is combinatorial 
unique if all these correspondent finitely combinatorial manifolds M (n1, n2,- -, Nm) 
are equivalent. 


A labelled graph G[n1, n2, +-+, Nm] is called class-transitive if the automorphism 
group AutG is transitive on {C(n;),1 < i < m}. We find a characteristic for 
combinatorially unique graphs. 


Theorem 2.4 A labelled connected graph G[ni, n2,- -, Nm] is combinatorially unique 
if and only if it is class-transitive. 


Proof For two integers i,j,1 < i,j < m, re-label vertices in C(n;) by n; and 
vertices in C(n;) by n; in G[ni, n2,:**, Nm]. Then we get a new labelled graph 
G'[n, n2; Nm] in Gini, N2, +, Nm]. According to Theorem 2.3, we can get two 
finitely combinatorial manifolds M, (m, N2,- , Nm) and M,(ky, k2,- -+ , kı) correspon- 
dent to G[n1, n2,- , Nm] and G’[n1, N2,- , Nml: 

Now if G[ni, n2, -++ , Nm] is combinatorially unique, we know M (m, N2,- , Nm) 
is equivalent to Mə(kı, kə, ---, kı), i.e., there is an automorphism 0 € AutG such 
that C° (ni) = C(n;) for Vi, j, 1 <i, j < m. 

On the other hand, if G[n1, n2, +- , Nm] is class-transitive, then for integers i, j, 1 < 
i,j < m, there is an automorphism T € AutG such that C7(n;) = C (nj). Whence, 
for any re-labelled graph G'[n1, n2," +, Nm], we find that 


[a 


G[ni, no, a Len = G"[ni, ne, mal nals 


which implies that these finitely combinatorial manifolds correspondent to G[n1, ne, 
+++) Nm] and G’[n1, N2, +++, Nm] are combinatorially equivalent, i.e., G[n1, n2, +--+, Nm] 
is combinatorially unique. 4 

Now assume that for parameters t;1, ti2,---, tis we have known an enufunction 


— tit tia ty 
Curi [ti Zia, +++] = X Ta (ber, tiz, + tis) Ti Ti BS 
ti tia," stis 
for n;-manifolds, where n;(tj1, ti2,---, tis) denotes the number of non-homeomorphic 
n;,-manifolds with parameters t1, tj2,---,tjs. For instance the enufunction for com- 
pact 2-manifolds with parameter genera is 


Cale) = 1+ 5° 22°. 


p21 
Consider the action of AutG[ni, n2,- ,Nm| on G[ni, N2; **, Nm]. If the number of 
orbits of the automorphism group AutG[ni, n2, :-, Nm] action on {C(n;), 1 <i < 


m} is To, then we can only get 7! non-equivalent combinatorial manifolds corre- 
spondent to the labelled graph Gf[n1, n2, :--, Nnm] similar to Theorem 2.4. Calcula- 
tion shows that there are l! orbits action by its automorphism group for a complete 
(sı + S2 +-+-+ sı)-partite graph K(kj', k3,- --, kī’), where k;* denotes that there 
are s; partite sets of order k; in this graph for any integer 2,1 < i < l, particularly, 
for K(ny,no,°++,Nm) with n; Æ ny for i, 7,1 < i,j < m, the number of orbits action 
by its automorphism group is m!. Summarizing all these discussions, we get an enu- 
function for these finitely combinatorial manifolds M(n1,n2,---,%m) correspondent 
to a labelled graph Gini, n2,---, Nm] in G(Nn1, N2, ***, Nm) with each label> 1. 


Theorem 2.5 Let G|n1, n2, -, Nm] be a labelled graph in G(n1, na,- --, Nm) with each 
label> 1. For an integer i,1 < i < m, let the enufunction of non-homeomorphic ni- 
manifolds with given parameters ty, t2,--+, be Cun: (ti, ziz,- +] and To the number 
of orbits of the automorphism group AutG[ni, n2,- -, Nm] action on {C(n;), 1 < i < 


m}, then the enufunction of combinatorial manifolds M(n1,n2,--+,%m) correspon- 
dent to a labelled graph G[n1, n2,- -, Nm] is 


Cal) = mo! | [ Cums lair, via, ++ 4, 


i=l 

particularly, if Gini, n2,- , Nm] = K (ky, k3,- , kee) such that the number of par- 
tite sets labelled with n; is s; for any integer 1,1 < i < m, then the enufunction 
correspondent to K(ky", ks’,---, ke) is 


Cy(z) = m! I] Cums |r, Zia, ++] 
i=1 


and the enufunction correspondent to a complete graph Km is 


Cr) = I] Cri [£in Lig, +]. 


i=1 


Proof Notice that the number of non-equivalent finitely combinatorial manifolds 
correspondent to G[n1, n2,- , Nm] is 


m 
To I] ni (tar, tiz, tis) 
i= 


for parameters ti, ti2,-++, tis, 1 < i < m by the product principle of enumeration. 
Whence, the enufunction of combinatorial manifolds M (n1, n2,- -, Nm) correspon- 
dent to a labelled graph G[n1, n2,- +, Nm] is 


m m 
Cas >> a [etita re --- 28 
i=1 i=1 


tir tia, tis 


m 
To! | [ Curlza, za, seie- h 


i=1 


2.3 Homotopy classes 


Denote by f ~ g two homotopic mappings f and g. Following the same pattern of 
homotopic spaces, we define homotopically combinatorial manifolds in the next. 


Definition 2.4 Two finitely combinatorial manifolds M(kı, k2,- -+ , kı) and M (n, n2, 
e, Nm) are said to be homotopic if there exist continuous maps 

fs M (ki, ka, +, ki) => M (n1, N2, ++, Nm), 

g: M(ni, N2, >+, Nm) —> M (kı, ka, +++, ki) Ay 
such that gf ~identity M(k,,k2,---,k)) > M(ki,ke,---,k) and fg ~identity: 
Mia e a) = M(n1, m2, +--+, Nm). 


For equivalent homotopically combinatorial manifolds, we know the following 
result under these correspondent manifolds being homotopic. For this objective, we 
need an important lemma in algebraic topology. 


Lemma 2.1(Gluing Lemma, [16]) Assume that a space X is a finite union of closed 


subsets: X = |] X;. If for some space Y, there are continuous maps f; : X; > Y 
i=1 

that agree on overlaps, i.e., filx;qx; = Silxiq.x, for all i,j, then there exists a 

unique continuous f : X — Y with flx, = fi for all i. 


Theorem 2.6 Let M(m1,n2,-+-, Nnm) and M (ki, ka,- +, ki) be finitely combinato- 
rial manifolds with an equivalence w : G|M (n1, Nna, ++, Nm)| > G|M (ky, k2,- ++, ki). 
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If for VMi, Mz E€ V(G|M (n1, n2,--+,%m)]), Mi is homotopic to w(M;) with ho- 
motopic mappings fu, : Mi > w(Mi), gu, : @(Mi) > M; such that fu,|m;qu; = 


fu; Mi(\M; — 9M; 














Mi(\Mj> JMi T mnm, providing (Mi, M;) € E(G[M (n, Nig; *+ Nn) |) 
for1<i,j <m, then M(n1,1n2,-++,%m) is homotopic to M(ky, k2,- --, ki). 


Proof By the Gluing Lemma, there are continuous mappings 
f : M (n1, N2, +, Nm) = M(ki, ko, +++, ki) 


and Žž pe 
g: M (ky, ko, +++, ki) ma M (ni, n2, >, Nm) 
such that 


flu = fu and glom) = Jam) 
for VM € V(G[M(nji, n2,--+,%m)|). Thereby, we also get that 
gf ~ identity : M(ky, ko, ++, ky) > M(k1, k2,- , ki) 
and me as 
fg ~ identity : M (n1, na,- +, Nm) > M(ni, n2,-++,;m) 
as a result of gu fm œ identity: M —> M, fugu œ identity: w(M) —> wœw(M). 1 
We have known that a finitely combinatorial manifold M (ni, n2, ++, Nm) is d- 
pathwise connected for some integers 1 < d < nı. This consequence enables us 
considering fundamental d-groups of finitely combinatorial manifolds. 


Definition 2.5 Let M (ni, no, ---, Nm) be a finitely combinatorial manifold. For 
an integer d, 1 < d < nı and Vz E€ M (n1, n2,- --, Nm), a fundamental d-group at the 


point x, denoted by m?(M (n1, n2,- , Nm), £) is defined to be a group generated by 
all homotopic classes of closed d-pathes based at zx. 


If d= 1 and M(m, N2,°**,Nm) is just a manifold M, we get that 


n4(M(n1, na, eo Nm) T) = T(M, x). 


Whence, fundamental d-groups are a generalization of fundamental groups in topol- 
ogy. We obtain the following characteristics for fundamental d-groups of finitely 
combinatorial manifolds. 


Theorem 2.7 Let M (n, N2, **-,Nm) be a d-connected finitely combinatorial mani- 
fold with 1 < d < nı. Then 


(1) for Yz € M(m,1o,---, Nm), 
m(M(m,no,-*+,Mm),t) =( A MAGA, 
MEV (Gî) 


where G4 = GYM (m, N2,°*+,Nm)], Tİ(M), (G?) denote the fundamental d-groups 
of a manifold M and the graph Gt, respectively and 
(2) for Yx, y E M(nj,72,°--+,m), 
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n*(M (nq, no, Nm) T) S n*(M(n1, no, <, Nm), Y). 


Proof For proving the conclusion (1), we only need to prove that for any 
cycle C in M(ni,na,-+-,Mm), there are elements CM, CM... Cin € TÎ(M), 
Q1,02,°**,Qgga, E T(G?) and integers aj”, bj for YM € V(G®) and 1 < i < I(M), 
1 < j < e(G*) < B(G*) such that 


c(G4) 


ce pp Salm 4 2 tosl (mod2) 


MeV(G2) i=1 
and it is unique. Let CM, CM, ---, Ch) be a base of 74(M) for VM € V(G®%). Since 
C is a closed trail, there must exist integers k¥ 1 <i <b(M),1 < j < BG 
and hp for an open d-path on C such that 


B(G%) 


ae DONA Yh + heh 


MeEV(G2) 1=1 PEA 


where hp = 0(mod2) and A denotes all of these open d-paths on C. Now let 


fa |L <i <1(M)} = {kk 40 and 1 <i < W(M)}, 


{Baise seene e 
Then we get that 


Č = >p 5“ aV OM + > b;a;(mod2). (2.4) 


MeV(G4) i=1 
If there is another decomposition 


c (G4) 


CS ye D arola Y Yalniz) 


MeV(G?2) i=1 


not loss of generality, assume l'(M) < I(M) and e (M) < c(M), then we know that 


c(G?) 
X (al! —aM)\CM + X (b - Yay = 
j=l 


MeV(G2) i=1 


where a” = 0 if i > I'(M), bf = 0 if 7’ > (M). Since CM,1 < i < b(M) and 
aj,1 < j < B(G") are bases of the fundamental group 7(M) and 7(G*) respectively, 
we must have 
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aM =aM,1<i <M) and b;=0),1< j < e(G%. 


t 


Whence, the decomposition (2.4) is unique. 


For proving the conclusion (2), notice that M (ni, Nn2,***, Nm) is pathwise d- 
connected. Let P4(x,y) be a d-path connecting points x and y in M (n1, no, '**, Nm). 
Define 


w.(C) = P?(x,y)C(P (z, y) 
for YC E€ M (ni, n2;,***, Nm). Then it can be checked immediately that 


Wy: n4(M (ny, Ta, 0° snk) aa Ti(M (mi, na, a Nm) Y) 
is an isomorphism.  [ _ 
A d-connected finitely combinatorial manifold M (n1, Nn2,-*-, Nm) is said to be 
simply d-connected if r4(M (n1, no,-*+,N%m), T) is trivial. As a consequence, we get 
the following result by Theorem 2.7. 


Corollary 2.3 A d-connected finitely combinatorial manifold M(m, N2,°°+,Nm) is 
simply d-connected if and_only if 

(1) for YM € V(G4|M(ny,no,-++,%m)|), M is simply d-connected and 

(2) GYM (ni, no, -+ -,Nm)] is a tree. 


Proof According to the decomposition for n?(M (n1, no, **, Nm), £) in Theo- 
rem 2.7, it is trivial if and only if 7(M) and 2(G¢) both are trivial for VM € 
V(G2[M (ni, N2,°**,Nm)]), i.e M is simply d-connected and G4 is a tree. } 

For equivalent homotopically combinatorial manifolds, we also get a criterion 
under a homotopically equivalent mapping in the next. 


Theorem 2.8 Iff: M (ni, no, <, Nm] > M (kı, kə, ---, kı) is a homotopic equiva- 
lence, then for any integer d,1 < d < nı and x E M (n1, N2,- , Nm); 


m(M(n1, Na, H); x) = Ti(M (ky, ko, aa) ki), f(x)): 
Proof Notice that f can natural induce a homomorphism 


Jrs (MM (n, no, t, Nm), £) > n’(M (kı, kas: ++, ki), f(x) 


defined by fr (g) = (f(g)) for Yg € 14(M (n, no, - ‘+ Nm); £) since it can be easily 
checked that Ír (gh) = Ír (9) fn (h) for Vg, h € m(M(n1, n2, ree Riis x). We only 
need to prove that f, is an isomorphism. oo 


By definition, there is also a homotopic equivalence g : M(ki,k2,---,ki) — 





M (ni, n2,°++,Mm) such that gf ~ identity : M(n, No, Nm) > M (N1, n2,°++, Nm). 
Thereby, gr fr = (gf)r = (identity) x : 
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r(M(ni, no, a Ni) sae) = n° (M (ni, na, pe a eh ee 


where u is an isomorphism induced by a certain d-path from x to gf(x) in M(nj, na, 
-++ Nm). Therefore, g,f, is an isomorphism. Whence, f, is a monomorphism and 
gn iS an epimorphism. 

Similarly, apply the same argument to the homotopy 


fg ~ identity : M (kai, ko,-+-, ki) > M(ki, ka, --+, ki), 
we get that frg9r = (fg9)r = v(identity)pi : 


(M (ky, kə, KED kı), £) = n*(M(kı, kə, oes -, ky), £), 


where v is an isomorphism induced by a d-path from fg(x) to x in M(ky, ko, +++, ki). 
So g; is a monomorphism and f+» is an epimorphism. Combining these facts enables 
us to conclude that fr : t4(M(n1, Nna, ***, Nm), £) > T (M (ky, ko, +++, ki), f(x)) is an 
isomorphism . f 


Corollary 2.4 If f: M (ni, no, ~, Nm) > M(kı, kə, ---, kı) is a homeomorphism, 
then for any integer d,1 < d < nı and z € M (n1, n2,- *, Nm), 


m*(M (n, n2, , Nm) r) S r4(M (ka, kase, ki), f(£)). 


2.4 Euler-Poincare characteristic 


It is well-known that the integer 


x(M) = X (-1)'a; 
i=0 
with a; the number of i-dimensional cells in a CW-complex 9M is defined to be the 
Euler-Poincare characteristic of this complex. In this subsection, we get the Euler- 
Poincare characteristic for finitely combinatorial manifolds. For this objective, define 
a clique sequence {Cl(i)}i>1 in the graph G[M] by the following programming. 


STEP 1. Let Cl(G[M]) = lo. Construct 


Cl(lo) = CR kaos KOK? < GIM] and KP N KË =b, 
or a vertex € V(G[M]) fri #j,1<i,j <p}. 


STEP 2. Let Gi= U K' and CI(G|M]\ G,) = h. Construct 
K'eECU(1) 
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Cli) = {K}, Kb,---,K®|K> > G[M] and Kon Ko =9 
or a vertex € V(G[M]) for i 4 j,1 <i,j <q}. 


STEP 3. Assume we have constructed Cl(/x_1) for an integer k > 1. Let Gk = 


U  K™- and CGIM] \ (Gi U- --U Gk)) = ly. We construct 
K'k-1€Cl(1) 


Clk) = {Kt, Ki,---, KK ESCM and KK = 6, 
or a vertex € V(G[M]) fori 47,1 <i,j <r}. 
STEP 4. Continue STEP 3 until we find an integer t such that there are no edges 
esi t 
in G[M]\ U Gi. 
i=1 


By this clique sequence {Cl(i)}:>1, we can calculate the Eucler-Poincare charac- 
teristic of finitely combinatorial manifolds. 


Theorem 2.9 Let M be a finitely combinatorial manifold. Then 


x(M) = yD y Hx Mi, J- (Mi) 


K*®ECI(k),k>2 Mi, vaba 


Proof Denoted the numbers of all these i-dimensional cells in a combinatorial 
manifold M or in a manifold M by &; and a;(M). If G [M M] i is nothing but a complete 
graph K* with V(G[M)]) = {Mı, Mo,---, Mx}, k > 2, by applying the inclusion- 
exclusion principe and the definition of Euler-Poincare characteristic we get that 


xM) = X (-1ã; 


= Ss (-1) ` (—1 1)ta a;l M, |J- (JM) 


i=0 Mi, EV (K),1<j<s<k 


= DP (—1) > C D'a:(Mi U- UM.) 
= earn U- UM.) 


Mi; EV (K*),1<j<s<k 





Y 


for instance, y(M) = x(M,) + x(M2) — x(Mı N M3) if G[M] = K? and V(G[M]) = 
{M, M2}. By the definition of clique sequence of G[M], we finally obtain that 
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WM= > >D (1) xM UU M). 5 


K*ECI(k),k>2 Mi, EV (K*),1<j<s<k 


If G[M] is just one of some special graphs, we can get interesting consequences 
by Theorem 2.9. 


Corollary 2.5 Let M be a finitely combinatorial manifold. If GIM] is K°-free, then 


WM= XY em- So x(Mf)M). 


MeV(G[M]) (M1,M2)€E(G[M)) 


Particularly, if dim(M,() M2) is a constant for any (My, M2) € E(G[M]), then 
x(M) = $ £M) -xM 1) M2) ECG LM). 
MeV(G[M]) 


Proof Notice that G[M] is K°-free, we get that 


xM) = So (XM) + x(a) = x(M: (7) Ma) 


(M1,M2)€E(G[M]) 


> (x(Mi) + x(M2)) + oe x(Mı (]Mə)) 





(Mı,M2)€E(G[M)) (M1,M2)cE(G[M]) 
= SY æm- So xf) Me). 1 
MeV(G[M)]) (Mi,M2)€E(G[M]) 


Since the Euler-Poincare characteristic of a manifold M is 0 if dimM = 1(mod2), 
we get the following consequence. 


Corollary 2.6 Let M bea finitely combinatorial manifold with odd dimension 
number for any intersection of k manifolds with k > 2. Then 


§3. Differential structures on combinatorial manifolds 


We introduce differential structures on finitely combinatorial manifolds and charac- 
terize them in this section. 


3.1 Tangent vector fields 
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Definition 3.1 For a given integer sequence 1 < ny < Na < +++ < Nm, Q com- 


binatorially C? ° differential manifold (M (n1, n2, *, Nm); A) is a finitely combinato- 

rial manifold M(n1, no, <, Nm); M (ni, no, <->- Nm) = UUi, endowed with a atlas 
iel 

A = {(Ua;¢a)|a € I} on M(n1,12,+++,Mm) for an integer h,h > 1 with conditions 


following hold. 23 

(1) {Ua;a € I} is an open covering of M (ni, no,- , Nm); 

(2) For Va,8 € I, local charts (Ug; Ya) and (Ug; pg) are equivalent, i.e., 
Ua(\Us = Ú or U.(\ Ug #0 but the overlap maps 


Papa : pplUa (Us) — pe(Ug) and yew, : pa(Ua (Us) — PalUa) 


are CP mappings; 

(3) A is maximal, i.e., if (U; p) is a local chart of M(n, N2,°°+,;Nm) equivalent 
with one of local charts in A, P (U;p) EÀ. 

Denote by (M M iena Nm); A) a combinatorially differential manifold. A 
finitely combinatorial manifold M (ny, no, --- Nm) is said to be smooth if it is en- 
dowed with a C® differential structure. 


Let A be an atlas on M(ni,12,--+,Mm). Choose a local chart (U; w) in A. 











s(p) s(p) 
For Vp € (U; p), if wp : Up = U B™®) and 3(p) = dim( N B™®)), the following 
i=1 i=1 
s(p) X Ns(p) matrix [a(p)] 
ou O 4.1(8(p)+1) Imi 0 
E = x £ 
zr PEA a (Pp) (sp) +1) Sree eran qs P) qS Psp) 


with x’* = xis for 1 < i,j < s(p),1 < s < S(p) is called the coordinate matrix of 
p. For emphasize w is a matrix, we often denote local charts in a combinatorially 
differential manifold by (U; [w]). Using the coordinate matrix system of a combina- 
torially differential manifold (M M(m, N2,- Nm); A), we introduce the conception of 
C” mappings and functions in the next. 


Definition 3.2 Let Mı (m, N2, Nm); Mə(kı, k2,- -- , kı) be smoothly combinatorial 
manifolds and 


f : Mi (Ni, no, Pi Nm) = Mə(kı, kə, i -, ki) 


be a mapping, p € Mi (m, na, Mm). If there are local charts (Up; |[©@p]) of p on 
My (ni, N2,°++,%m) and (Vip); ws ]) of F(p) with f(Up) C Vi such that the com- 
position mapping 
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f= wfo] fo [o] : [0p] (Up) > wrm] (Vro) 
is a C" mapping, then f is called a C” mapping at the point p. If f is C” at 
any point p of Mi(n1, n2,**:*, Nm), then f is called a C” mapping. Particularly, if 
Moə(kı, kə,++-, kı) = R, f ia called a C” function on Mi(na, no,- , Nnm). In the 
extreme h = oo, these terminologies are called smooth mappings and functions, 
respectively. Denote by 2% all these C' functions at a point p E€ M (n1, no, +--+, Nm). 


For the existence of combinatorially differential manifolds, we know the following 
result. 


Theorem 3.1 Let M(m, N2,°**,Mm) be a finitely combinatorial manifold and d,1 < 
d < m an integer. IfVM € V(GÌIM (n1, no, ++, Nm)|) is C? differential and 
YV(Mı, Mz) € E(G4{M (n1, n2,--+,%m)]) there exist atlas 


Ai = {Voi Px) |Va E Mı} Az = {(Wy; by) Vy E€ M2} 


such that Qelveqwy = Yylveqw, for Vx € Mi,y E Mo, then there is a differential 
structures 


A = {(Up; [e@,])|¥p E M (M1, m2, +, nm)} 


such that (M(n4,n2,-*+,%m);A) is a combinatorially C’ differential manifold. 


Proof By definition, We only need to show that we can always choose a neigh- 
borhood Up, and a homoeomorphism [wp] for each p € M (n1, ne, +--+, Nm) satisfying 
these conditions (1) — (3) in definition 3.1. 

By assumption, each manifold VM € V(G“{M(nj, n2,---,1m)]) is C} differential, 
accordingly there is an index set Iņ such that {U,;a € Im} is an open covering 
of M, local charts (Ua; Ya) and (Ug; yg) of M are equivalent and A = {(U;y)} 


is maximal. Since for Vp € M (n1, Nn2,***, Nm), there is a local chart (U,;[a@,]) of 
s(p) 

p such that [wp] : Up > U B™®), i.e., p is an intersection point of manifolds 
i=1 


M™®), 1 <i < s(p). By assumption each manifold M™) is C” differential, there 
exists a local chart (Vj; p$) while the point p € M™®) such that y} + B™®). Now 
we define 


s) 
Ues 
i=1 


Then applying the Gluing Lemma again, we know that there is a homoeomorphism 
[Wp] on Up such that 


allna = ¢ 
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for any integer i, <i < s(p). Thereafter, 


A = {(Up; [wp]) Vo € M (m, n2,- ++, nm)} 


is a C” differential structure on M (ni, na, ---, Nm) satisfying conditions (1) — (3). 


Thereby (M (n4, no,- , nm); Å) is a combinatorially C* differential manifold. 4 


Definition 3.3 Let (M(n1, nz2,---, Nm), A) be a smoothly combinatorial manifold 
and p E M (n1, Nn2,***, Nm). A tangent vector v at p is a mapping v : 2, —> R with 
conditions following hold. 

(1) Yg, h E Zp, YA E R, v(h + Ah) = v(g) + Av(h); 

(2) Yg, h E€ 2p, v(gh) = v(g)h(p) + g(p)v(h). 


Denoted all tangent vectors at p € M (ni, no, <+, Nm) by T,M (m1, no, <>, Nm) 
and define addition+and scalar multiplication-for Vu, v € TpM (N1, N2, ***, Nm), A € 


R and f € 2% by 
(u +o) = ulf) tolf), Aul) =r-u(f). 


Then it can be shown immediately that T,M (ni, N2, ***, Nm) is a vector space under 
these two operations-+and.-. 


Theorem 3.2 For any point p € M(m, N2,***, Nm) with a local chart (Up; |pp]), the 
dimension of T,M(ni,n2,-°++,%m) is 











s(p) 
dimT,M (m, nz, ++, nm) = S(p) + X (u — 3(p)) 
i=1 
with a basis matrix 
o 
ARORA = 
_ S Sie _ ð a _ a = j 
S(p) Ti S(p) dst) Ox! TR oar 
1 ii 
Sp) de p) 3x25) ICO l aa ae 0 
OREO ee ee) en ee ee eee eee a 
S(p) ðxs P) S(p) Oxs(P)s(P) Oxs(P)(S(P) +1) Pap) =D) On 


where x" = x for 1 < i,j < s(p),1 < L < S(p), namely there is a smoothly 
functional matrix [vig] s()xnrocp) such that for any tangent vector U at a point p of 
M(m, N2, Tim) 
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o 


v= [Vij]s(p)xnsp) © [plono 


where [aij]exi © [Dtslaxt = 3 = Aig big. 


i=1 j= 


Proof For Vf € Zp, let f=f- [Pp] E Zippy). We only need to prove that f 
can be spanned by elements in 


a s(p) ni 


bl sis UU U iblis, (81 


i=1 j=3(p)+1 


for a given integer h,1 < h < s(p), namely (3.1) is a basis of T,M (m,n, <, Nm). 
In fact, for VT € [pp] (Up), since f is smooth, we know that 


fa- Fm) = f ZFT +E- m) 


0 


sP) mi i oF 
So yy (a! — zi) f Ba To + t(% — To) )dt 
0 


i=1 j=l 


in a spherical neighborhood of the point p in [yp|(Up) C REP) ssp) +mitnat +s) 
with [y,|(p) = Zo, where 


1 . $ A, 
nÍ 3p)? if eee S(p), 
S(p) ~ 1, otherwise. 


Define 






Jij(T) = / of (To + t(Z — To) )dt 


0 
and gij = Jij - [Pp]. Then we find that 





gijp) = Jy(To) = ÀE (a) 
= E e (pple) = £50). 


Therefore, for Vq € Up, there are g;;,1 < i < s(p),1 < j < n; such that 
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s(p) ni 


(p) + SS be Tay (a T 26) 943 (p). 


i=1 j=l 


Now let 0 € TM (nm, N2, ***, Nm). Application of the condition (2) in Definition 
3.1 shows that 


v(f(p)) =0, and vihat) =0. 
Accordingly, we obtain that 








s(p) ni 
Wf) = UEY Y may (2" — 28) 95j(p)) 
i=1 j=l 
s(p) nj l ys 7 
= Tfl) + >) >. Tol — rt) P) 
i=1 j=1 
s(p) ni ; pi E " 
= SV psu (a — 28) + p) — 28) 00 au(P) 
i=1 j=l 
s(p) ni g 
= EE rio ore’) 
i=1 j=l 
s(p) ni a 
= >, mre) eal (f) = [vijl xno © [zno lo(P).- 


Therefore, we get that 


O 
v= [vig] s@)xnsq © EEOSE (3.2) 


The formula (3.2) shows that any tangent vector U in T,M (m, N2, **, Nm) can 
be spanned by elements in (3.1). 

Notice that all elements in (3.1) are also linearly independent. Otherwise, if 
there are numbers a, 1 < i < s(p),1 < j < n; such that 














s(p) ni 
Oe qh 2 + 3 2 Dail? = 0, 
J a j=S8(p 
then we get that 
S(p) 
=È a” 2 + 3 on | x7) =0 
i=1 j=S(p)+1 
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for 1 < i < s(p),1 < j < ni. Therefore, (3.1) is a basis of the tangent vector space 
ToM (m, N2, t, Nm) at the point pE (M (nı, N2,°°", Nm); A). l 


By Theorem 3.2, if s(p) = 1 for any point p € (M(n1, n2, **:, Nm); A), then 
dimT,M (nı, n, +++,Nm) = nı. This can only happens while M (n, no, <+, Nm) is 
combined by one manifold. As a consequence, we get a well-known result in classical 
differential geometry again. 


Corollary 3.1([2]) Let (M”; A) be a smooth manifold and p E€ M”. Then 





dimT,M" =n 
with a basis 
o f 
{slp [1 SiS n} 


Definition 3.4 ForVp € (M(n1,12,-++,%m); A), the dual space T M (n1, n2, `>, Nm) 
is called a co-tangent vector space at p. 


Definition 3.5 For f E 2,,d€ TM (n1, no, ---, Nm) and V € T M (ny, no, 4 Nm); 
the action of d on f, called a differential operator d : Xp — R, is defined by 


df = U(f). 


Then we immediately obtain the result following. 


Theorem 3.3 For Yp € (M(n1,n2,-++,Mm);A) with a local chart (Up; [Pp]); the 
dimension of T M (n1, n2, >, Nm) i5 

















s(p) 
dimT?M (na, na, +, nm) = S(p) + X (ru — S(p) 
i=l 
with a basis matrix 
[AZ] s(p)xnsi) = 
ag fe, ae) dx G@)+1) ... dg 
S(p) S(p) 
dat, da eE ... dg? 
S(p) S(p) 
dixs(P)1 BS dixs(P)8() ds?) (S(p)+1) at gts PRC dxsP)%s(p)—1 dxsP)s(p) 
s(p) s(p) 
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where x" = x? for 1 < i,j < s(p),1 <1< 3p), namely for any co-tangent vector d 
at a point p of M(n1,n2,-++,m), there is a smoothly functional matrix [ui] s(p)xs(p) 
such that, 


d = [Uss] s(p)xnagpy © [AF] e(p)xnoqy- 


3.2 Tensor fields 


Definition 3.6 Let M(n1, na, ---, Nm) be a smoothly combinatorial manifold and 
p E M(n1,n2,-++,Nm). A tensor of type (r,s) at the point p on M(ny,Nn2,--++,%m) 
is an (r + 8)-multilinear function T, 


7: TAM x +x TTM xT,M x ---x T,M >R, 
——_— 7” 


r S 


where T,M = TM amain) and T*M = TM (m, M2, +++, Nnm): 


Denoted by T” (p, M) all tensors of type (r, s) at a point p of M(m1,n2,-+-, Mm). 
Then we know its structure by Theorems 3.2 and 3.3. 


Theorem 3.4 Let M(m,12,--+, Mm) be a smoothly combinatorial manifold and 
p E€ M(ni,n2,-+-,m). Then 


T'(p, M) = TM @---@TM@T*M @---@T*M, 
— n — 


where T,M = T,M(m, N2, `>, Nm) and T*M = T*M (m, N2, ***, Nm), particularly, 


s(p) 


dimT; (p, M) = (8(p) + $ (n — 3(p)))"*. 


i=1 


Proof By definition and multilinear algebra, any tensor t of type (r,s) at the 
point p can be uniquely written as 


T ° 00 o ra a 
t= i agare O aaah Bde @--- Ode 


for components a € R according to Theorems 3.2 and 3.3, where 1 < in, kn < 


s(p) and 1 < jn < in, 1 < ln < kn for 1 < h < r. As a consequence, we obtain that 





Ti (p, M) = M9: 9 MIMS- 9T M. 
— 


r s 
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= sy s(p) 
Since dim7T,M = dimT> M = s(p) + >) (ni — s(p)) by Theorems 3.2 and 3.3, we 


also know that 
dimT? (p, M) = (S(p) + X (ni — (p) +. 


Definition 3.7 Let T"(M) = USTER M) for a smoothly combinatorial manifold 
pEeM 


M = M (iis i, ee A tensor filed of type (r,s) on M (ni, n2, + Nm) is a 
mapping T : M(m,no,---,%m) > T"(M) such that T(p) € T? (p, M) for Yp € 
M(m,Nno,-++, Mm): 
A k-form on M(m, No, **-, Nm) is a tensor field w € TE (M). Denoted all k-form 
— IPPP ni 


of M(ni, na,- , nm) by A*(M) and A(M) = ® A*(M), 2(M) = 
Vee - 


Similar to the classical differential geometry, we can also define operations p A ~ 
for Vy, € T"(M), [X,Y] for VX,Y € 2(M) and obtain a Lie algebra under the 
commutator. For the exterior differentiations on combinatorial manifolds, we find 
results following. 


Theorem 3.5 Let M be a smoothly combinatorial manifold. Then there is a unique 
exterior differentiation d : A(M) > A(M) such that for any integer k > 1, d(A®) C 
A+ (M) with conditions following hold. 

(1) d is linear, i.e., for Yg, € A(M), AER, 


d(p +d) = dp A Y + Adi 
and for py € AF(M), Y € A(M), 


d(p A) = dp + (—1)" p A dy. 


(2) For f € A°(M M), df is the differentiation of f. 

(3) @ =d-d=0. 
7 (4) d is a local operator, i.e., ifU CVC M are open sets anda E€ AF(V), then 
d(alv) = (da)|v. 


s(p) 
Proof Let (U;[y]), where [y] : p > U [v¢](p) = [v(p)] be a local chart for a 
i=1 
point p E€ M and & = Qgur)-(uppp) dH A os A dar with 1 < vj < Nnu for 
1 < m < s(p), 1 <i < k. We first establish the uniqueness. If k = 0, the 
H 
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local formula da = 2 dx” applied to the coordinates z” with 1 < vj < n,, for 


1 < um; < s(p), 1 <i < k shows that the differential of x” is 1-form dz”. From (3), 


d(x”) = 0, which combining with (1) shows that d(da”! \--- A d*"**) = 0. This, 
again by (1), 





z OO fav) 


Ta (Rbk) qy N dr” N- A dr”. (3.3) 


Orr” 
and d is uniquely determined on U by properties (1) — (3) and by (4) on any open 
subset of M. 7 

For existence, define on every local chart (U;[y]) the operator d by (3.3). Then 
(2) is trivially verified as is R-linearity. If 6 = blaa) (agd "A +» Ada € A'(U), 
then 


diaA\B) = dlana e lorry Aee ABETE Nda” Assan) 
= a Boo) F Qfar) (ueta) 
x E gqyan Aee A dEF Adras A. A das 
= Pato) gage A Ad A Borer u(r) de? A+ A da 


Iberaj 


+ A REA N OLLY 


Jda - -A dxs 
= daNB+(-1)'a ^ dB 


and (1) is verified. For (3), symmetry of the second partial derivatives shows that 


2 
0 luvi) (He Pie) gpr if sea Ke qe": Ndra N.. AN dx") = 0. 
Ort’ Ones 


d(da) = 
Thus, in every local chart (U; |y]), (3.3) defines an operator d satisfying (1)-(3). It 
remains to be shown that d really defines an operator d on any open set and (4) 
holds. To do so, it suffices to show that this definition is chart independent. Let d 
be the operator given by (3.3) on a local chart (U’; [y’]), where U U’ # 0. Since d 
also satisfies (1) — (3) and the local uniqueness has already been proved, da = da 
on U NU'. Whence, (4) thus follows. h 


Corollary 3.2 Let M = M(m, no, ---, Nm) be a smoothly combinatorial manifold 
and dy : AX(M) — A*®*1!(M) the unique exterior differentiation on M with condi- 
tions following hold for M € V(G'[M(ny,nz,-++,%m)|) where, 1 <1 < min{ny, no, 
‘eerie be 

(1) dm is linear, i.e., for Yy, Y E A(M), AER, 
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du(y + Aw) = dmy + Adu. 
(2) For y E (M), y € ACM), 


du(p A) = dup + (-1)'e A dur. 
(3) For f € A°(M), duf is the differentiation of f. 
edie t: 
Then 


Proof By Theorem 2.4.5 in [1], dm exists uniquely for any smoothly manifold 
M. Now since d is a local operator on M, i.e., for any open subset U, C M, 


d(alv,) = (da), and there is an index set J such that M = |J U,, we finally get 
ped 
that 


dydy 


by the uniqueness of dand d Ma f 


Theorem 3.6 Letw € A'(M). Then for YX, Y € X (M) 


dw(X, Y) = X(w(Y)) — ¥(w(X)) — w([X, ¥]). 


Proof _Denote by a(X,Y) the right hand side of the formula. We know that 
a: M x M — C™®(M). It can be checked immediately that a is bilinear and for 


YX,Y € X (M), f € C”(M), 


afX,Y) = fx 


l 
= 
Se 


and 


a(X, fY) =—-a(fY, X) = —falY, X) = fa(x,Y) 


by definition. Accordingly, a is a differential 2-form. We only need to prove that 
for a local chart (U, [y]), 


aly = duly. 


In fact, assume w|y = w,,dx"”. Then 
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(dw)|y = dwlu) = e da N da” 


1 wu Ower 


= 5( 








jda” A dr”. 


2\da% x” 
On the other hand, aly = $a( 54, 2 dg" A^ dz”, where 
ð o o ð ð ð 
ever Dae? Oars ET Oxy (O 
ð ð 


olga ~ par! 


Owu Wos 


ðr Ox” 








Therefore, dwl|y = aly. h 
3.3 Connections on tensors 


We introduce connections on tensors of smoothly combinatorial manifolds by the 
next definition. 


Definition 3.8 Let M be a smoothly combinatorial manifold. A connection on 
tensors of M is a mapping D: X (M) x TM — T! M with Dxt = D(X, T) such 
that for YX, Y € XM, T, 7 € Tg(M M),A €R and f € C°(M M), 

(1) Dyapyt = = Dyr + fDyr:; and Dx(r +r) = Dyr + ADxr: 

(2) Dx(T 8 T) = Dxt 8T +0 @ Dyn: 

(3) for any contraction C on T™(M), 


Dx(C(r)) = C(Dx7). 


We get results following for these connections on tensors of smoothly combina- 
torial manifolds. 


Theorem 3.7 Let M be a smoothly combinatorial manifold. Then there exists a 
connection D locally on M with a form 


= os (1111) (M2V2)-+: (Ur) ð 0 KX KsAs 
(DxT)|u = Xr Tepe ae (ads) s(HY) Diarra Q-Q EPET Q dx" CEER dx 





for VY € &(M) andre T"(M), where 
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3 (u1vi)(u2v2) =: (Hrvr) 
(uivi) (u2v2) = (Hrvr) = (K1A1)(2A2)-“(KeAs) 
(#1A1)(K2A2)--(KsAs), (MY) Ort’ 
(1v1) (Ha—1¥a—1) (0S) (Mati Yat1)*(MrYr) pave 
+ ` (K1A1)(K2A2) = (KsÀs) Piega) 
a=1 


_ Bere (2v2) = (urvr) TeS 
k11) (Kb—1Ab—1)(UV)(ob41Sb+1) (KsAs)” (THSb) (uv) 


and Ka (ur) 2S 4 function determined by 


= o KÀ f8) 


aw Oxs = (os) (uv) Ores 


on (Up; [Pp]) = (Up; x”) of a point p € M, also called the coefficient on a connection. 


__ Proof We first prove that any connection Don smoothly combinatorial manifolds 
M is local by definition, namely for X1, Xo € X (M) and 4,72 € T7(M), if Xlu = 
Xo\y and nily = mlu, then (Dx,71)y = (Dx,72)u. For this objective, we need to 
prove that (Dx,71)u = (Dx,72)y and (Dx,n)y = (Dx,71)u. Since their proofs are 
similar, we check the first only. 

In fact, if 7 = 0, then 7 = 7 — T. By the definition of connection, 


Dxt = Dx(t —T) = Dxt — Dxt = 0. 
Now let p € U. Then there is a neighborhood V, of p such ie ie : compact and 
V CU. Byaresult in topology, i.e., for two open sets Vp, U gR Ts(p)S(p) tni += +ns(p) 
with compact V, and V, C U, there exists a function f € (RS) = SUP) ED) eM a) | 
such that 0 < f < 1 and fly, = 1, f RO- Ht) y = 0, we find that 
f- (T2— Tm) =0. Whence, we know that 





0 = Dx, ((f + (tm —11))) = X(f) (r — 11) + f(D 2 — Dx n). 
As a consequence, we get that (Dx,n)y = (Dx,72)v, particularly, (Dx,71)p = 
(D X,72)p- For the arbitrary choice of p, we get that (Dx,n)u = (D x,72)u finally. 
The local property of D enables us to find an induced connection DY : 2 (U) x 
T? (U) — T? (U) such that DE sain) = = (Dxr)|y for YX € &(M M) and T € TM. 
Now for VX, Xo € 2X (M), Vm, Tə € T"(M) with Xy|y, = Xlvy, and nly, = Talv, 
define a mapping DY : X (U) x T2(U) = T? (U) by 


(Dx,71)|v, = (Dx,72) |v 


for any point p € U. Then since D is a connection on M „it can be checked easily 
that DY satisfies all conditions in Definition 3.8. Whence, DY is indeed a connection 
on U. 
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Now we calculate the local form on a chart (Up, |y,|) of p. Since 


~ o 
— pkÀ 
A T 





it can find immediately that 


D_ə dr = -T udr” 


anny (os) (uv) 


by Definition 3.8. Therefore, we find that 





ny ros _(mr)(u2v2)(urvr) ON eo ish AO ite, > eee 
(Dx7)|u =X Tikri )(r2àa) (sàs) (ur) Ayur 8 2 Oglrur @ dr" Q @ dx 
with 
a (H111) (2v2) =: (Hrvr) 
(1111) (u2V2)---(Urvr) = (K1A1)(K2A2)---(KsAs) 
(61A1)(K2A2)--(KsAs) (HY) Oxt 


(ivi) (Ha—1Ya—1) (05) (Ha $1 Vat1)"*(Ur Yr) pave 
a Do (k22) (Ks Às) Dieou) 


(ara) er -(Hrvr) os 


= 2 Tei ar): “(K_—1Ab—1) (MY) (Ob41 S041) (K Ad! Cais 


This completes the proof. [ 


Theorem 3,8 Let M be a smoothly combinatorial manifold with a connection D. 
Then for VX,Y € X (M), 
TIX Y= De = Dy XH [XY] 
is a tensor of type (1,2) on M. 
Proof By definition, it is clear that T : X (M) x X (M) —> X (M) is antisym- 


metrical and bilinear. We only need to check it is also linear on each element in 
C™(M) for variables X or Y. In fact, for Vf € C%(M), 


TOX YIS Dyx¥ = Dy(fX) — [fx,Y] 
fDxY —(Y(f)X + fDy x) 
(FIX, Y] - Y(f)X) = fT(X,Y). 


and 
T(X, fY) =-T(fY,X) = —fT(Y,X) = fT(X,Y). 1 
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Notice that 





a ə > G- & a 
Ber? Bare) Pacer gar — Padre Bee 
ð 
KÀ 
= (tes =e )(uv) aR 


under a local chart (Up; |pp]) of a point p € M. If T(z, 52) = 0, we call T 


torsion-free. This enables us getting the next useful result. 


Theorem 3.9 A connection D on tensors of a smoothly combinatorial manifold M 


is torsion-free if and only if 1 = 


(mv)(os) ~~ (as) (mv) * 


Now we turn our attention to the case of s = r = 1. Similarly, a combinatorially 
Riemannian geometry is defined in the next definition. 


Definition 3.9 Let M be a smoothly combinatorial manifold and g € A2(M) = 


U T?(p, M). If g is symmetrical and positive, then M is called a combinatorially 
pEeM 


Riemannian manifold, denoted by (M, g). In this case, if there is a connection D 
on (M,g) with equality following hold 

Z(g(X,Y)) = g(Dz,Y) + 9(X,DzY) (3.4) 
then M is called a combinatorially Riemannian geometry, denoted by (M, 9, D). 


We get a result for connections on smoothly combinatorial manifolds similar to 
that of Riemannian geometry. 


Theorem 3.10 Let (M, g) be a combinatorially Riemannian manifold. Then there 
exists a unique connection D on (M, g) such that (M, g, D) is a combinatorially 
Riemannian geometry. 


Proof By definition, we know that 


Dzg(X,Y) = Z(g(X,Y)) — g(DzX,Y) — g(X, DzY) 


for a connection D on tensors of M and YZ € & (M ). Thereby, the equality (3.4) 
is equivalent to that of Dzg = 0 for YZ € X (M), namely D is torsion-free. 

Not loss of generality, assume g = gum)(oġ dx" dx” in a local chart (Up; [pp]) of 
a point p, where guw)(oc) = gf =f, z). Then we find that 


= (Iune) ET j 
Dg = a = Kede = E T Ea" @ da** Q da*”. 


Therefore, we get that 
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IG (w)(os) ¢ ¢ 
Ak aa Kento Tuos) i IAEF) (3.5) 


if Dzg = 0 for YZ € X (M). The formula (3.5) enables us to get that 


rer Loan) (Outen Oeno) PI) 
(uv)(os) ~ 59 Ogee | ue arn” 


where gen) is an element in the matrix inverse of [g (u)(05)|- 


Now if there exists another torsion-free connection D* on (M, g) with 





Hx KK ð 
A (os) (uv) Beer’ 
then we must get that 
i an JONEN (OI any Gm) OG Enos) _ PIa y 
(uv)(os) ~~ 3 xI Oxy ðr 


Accordingly, D = D. Whence, there are at most one torsion-free connection D on 
a combinatorially Riemannian manifold (M, g). 


= [rr 


For the existence of torsion-free connection D on (M, g), let r T CSu 


os) 


and define a connection D on (M, g) such that 
~ ð 
TE Py Jw) Jr? 


then D is torsion-free by Theorem 3.9. This completes the proof. [ 


Corollary 3.3([2]) For a Riemannian manifold (M, g), there exists only one torsion- 
free connection D, i.e., 

Dzg(X, Y) = Z(9(X,Y)) — 9(DzX,Y) — g(X, DzY) =0 
for VX, Y,Z€ X (M). 


3.4 Minkowski Norms 


These Minkowski norms are the fundamental in Finsler geometry. Certainly, they 
can be also generalized on smoothly combinatorial manifolds. 


Definition 3.10 A Minkowski norm on a vector space V is a function F:V > R 
such that 

(1) F is smooth on V\{0} and F(v) > 0 for Vu EV; 

(2) F is 1-homogenous, i.e., F(Av) = AF (v) for VA > 0; 

(3) for ally E€ V\{O}, the symmetric bilinear form gy : V x V — R with 
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=a, We 


is positive definite for u,v E V. 
Denoted by T M= UT „M. . Similar to Finsler geometry, we introduce combi- 
peM _ 
natorially Finsler geometries on a Minkowski norm defined on TM. 


Definition 3.11 A combinatorially Finsler geometry is a smoothly combinatorial 
manifold M endowed with a Minkowski norm F on TM, denoted by (M; F). 


Then we get the following result. 


Theorem 3.11 There are combinatorially Finsler geometries. 


Proof Let M (ni, N2, +>, Nm) be a smoothly combinatorial manifold. We con- 
struct Minkowski norms on TM (n, N2,°°+,%m). Let Rtt +m be an eucildean 
space. Then there exists a Minkowski norm F(T) = |z| in R™1t™*+"+"™ at least, in 
here |z| denotes the euclidean norm on ee tnm, According to Theorem 3.2, 
spP) +n Eotn), Whence there 
are Minkowski norms on T,M (m, N2, ***, Nm) for p € Up, where (Up; [pp]) is a local 
chart. 

Notice that the number of manifolds are finite in a smoothly combinatorial man- 
ifold M (n1, n2,- +, Nm) and each manifold has a finite cover { (Ua; Ya)|a € I}, where 
I is a finite index set. We know that there is a finite cover 





T, Munas Nm) is homeomorphic to R? 


U {(Uma; PMalla € Im}. 
MEV (G[M(n1,n2,-,nm)]) 


By the decomposition theorem for unit, we know that there are smooth functions 
hma, & € Im such that 


D > Ama = 1 with 0 < Ame <1. 


MEV (GIM (n1, n2, ;nm)]) YM 


Now we choose a Minkowski norm F™° on T pMa for Vp € Uma. Define 


Po pMo FMa if pe Uma, 
Ma = 0, if pgUma 


for Vp € M. Now let 
MEV (G|M(ni,n2,=,nm)]) ET 
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Then F is a Minkowski norm on TM(n, N2,°**,Mm) since it can be checked imme- 
diately that all conditions (1) — (3) in Definition 3.10 hold. 4 

For the relation of combinatorially Finsler geometries with these Smarandache 
geometries, we obtain the next consequence. 


Theorem 3.12 A combinatorially Finsler geometry (M (m1, n2,-++, nm); F) is a 
Smarandache geometry if m > 2. 


Proof Notice that if m > 2, then M(m, Nə, `- , Nm) is combined by at least two 
manifolds M™ and M™ with nı Æ ng. By definition, we know that 


M™"\M™? £0 and M™® \ M™ 40. 


Now the axiom there is an integer n such that there exists a neighborhood homeo- 
morphic to a open ball B” for any point in this space is Smarandachely denied, since 
for points in M™ \ M™, each has a neighborhood homeomorphic to B”!, but each 
point in M"? \ M™ has a neighborhood homeomorphic to B™. h 

Theorems 3.11 and 3.12 imply inclusions in Smarandache geometries for classical 
geometries in the following. 


Corollary 3.5 There are inclusions among Smarandache geometries, Finsler ge- 
ometry, Riemannian geometry and Weyl geometry: 


{Smarandache geometries} D {combinatorially Finsler geometries} 
> {Finsler geometry} and {combinatorially Riemannian geometries} 


D {Riemannian geometry} D {Weyl geometry}. 


Proof Let m = 1. Then a combinatorially Finsler geometry (M(m, N2, +, Nm); F) 
is nothing but just a Finsler geometry. Applying Theorems 3.11 and 3.12 to this 
special case, we get these inclusions as expected. h 


Corollary 3.6 There are inclusions among Smarandache geometries, combinatori- 
ally Riemannian geometries and Kahler geometry: 


{Smarandache geometries} D {combinatorially Riemannian geometries} 
> {Riemannian geometry} 
> {Kahler geometry}. 


Proof Let m = 1 in a combinatorial manifold M(n, no, ---, Nm) and applies 
Theorems 3.10 and 3.12, we get inclusions 
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{Smarandache geometries} D {combinatorially Riemannian geometries} 


> {Riemannian geometry}. 


For the Kahler geometry, notice that any complex manifold M? is equal to a 
smoothly real manifold M?” with a natural base {;4, at for T,M? at each point 
p E€ M”. Whence, we get 


{Riemannian geometry} D {Kahler geometry}. 1 


§4. Further Discussions 


4.1 Embedding problems Whitney had shown that any smooth manifold M? can 
be embedded as a closed submanifold of R?®+! in 1936 ({1]). The same embedding 
problem for finitely combinatorial manifold in an euclidean space is also interesting. 
Since M is finite, by applying Whitney theorem, we know that there is an integer 
n(M),n(M) < +00 such that M can be embedded as a closed submanifold in 
R”). Then what is the minimum dimension of euclidean spaces embeddable a 
given finitely combinatorial manifold M? Wether can we determine it for some 
combinatorial manifolds with a given graph structure, such as those of complete 
graphs K”, circuits P” or cubic graphs Q”? 


Conjecture 4.1 The minimum dimension of euclidean spaces embeddable a finitely 
combinatorial manifold M is 





2min{s(p) — s(p)s(p) + me, + Mag +t + Niy} t 1. 
pEM 


4.2 D-dimensional holes For these closed 2-manifolds S, it is well-known that 


(3) = 2 — 2p(S), if S is orientable, 
a aa ie q(S). if Sis non — orientable. 


with p(S) or q(S) the orientable genus or non-orientable genus of S, namely 2- 
dimensional holes adjacent to S. For general case of n-manifolds M, we know that 


=X (-1 1)*dimH;,(M), 

k=0 
where dimH;,(/) is the rank of these k-dimensional homolopy groups Hą(M) in 
M, namely the number of k-dimensional holes adjacent to the manifold M. By 
the definition of combinatorial manifolds, some k-dimensional holes adjacent to a 
combinatorial manifold are increased. Then what is the relation between the Euler- 
Poincare characteristic of a combinatorial manifold M and the i-dimensional holes 
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adjacent to M? Wether can we find a formula likewise the Euler-Poincare formula? 
Calculation shows that even for the case of n = 2, the situation is complex. For 
example, choose n different orientable 2-manifolds S1, .52,---,5,, and let them inter- 
sects one after another at n different points in R’. We get a combinatorial manifold 
M. Calculation shows that 


x(M) = (x(S1) + x(S2) ++ +.x(Sn)) -n 


by Theorem 2.9. But it only_increases one 2-holes. What is the relation of 2- 
dimensional holes adjacent to M? 


4.3 Local properties Although a finitely combinatorial manifold M is not ho- 
mogenous in general, namely the dimension of local charts of two points in M 
maybe different, we have still constructed global operators such as those of exterior 
differentiation d and connection D on T? M. A operator © is said to be local on a 
subset W C T M if for any local chart (U,, [pp]) of a point p € W, 


Slv, (W) = O(W)y,. 


Of course, nearly all existent operators with local properties on T7 M in Finsler 
or Riemannian geometries can be reconstructed in these combinatorially Finsler 
or Riemannian geometries and find the local forms similar to those in Finsler or 
Riemannian geometries. 


4.4 Global properties To find global properties on manifolds is a central task 
in classical differential geometry. The same is true for combinatorial manifolds. 
In classical geometry on manifolds, some global results, such as those of de Rham 
theorem and Atiyah-Singer index theorem,..., etc. are well-known. Remember that 
the p? de Rham cohomology group on a manifold M and the index IndD of a 
Fredholm operator D : H*(M, E) — L?(M, F) are defined to be a quotient space 


pap. Ker(d: AP(M) > AP*1(M)) 
BANIS Im(d: AP-1(M) — A?(M)) ` 


and an integer 


L?(M, F) 
ImD ) 

respectively. The de Rham theorem and the Atiyah-Singer index theorem respec- 

tively conclude that 


IndD = dimKer(D) — dim( 


for any manifold M, a mapping yp: A?(M) — Hom(II,(M), R) induces a natural 
isomorphism p* : H?(M) —> H"(M;R) of cohomology groups, where II (M) is the 
free Abelian group generated by the set of all p-simplexes in M 


and 
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IndD = Indr(o(D)), 


where o(D)) : T*M — Hom(E, F) and Indr(o(D)) is the topological index of 
o(D). Now the questions for these finitely combinatorial manifolds are given in the 
following. 


(1) Is the de Rham theorem and Atiyah-Singer index theorem still true for finitely 
combinatorial manifolds? If not, what is its modified forms? 

(2) Check other global results for manifolds whether true or get their new modified 
forms for finitely combinatorial manifolds. 
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